TIME SERIES ANALYSIS
Solutions to problems in Chapter 3




Solution 3.1

Question 1.

In the light of plotting Y; vs. z; the following simple linear regression model

seems reasonable

Yi=a+fr+e

where {€} is assumed to be a sequence of mutually uncorrelated normal
distributed random variables with mean value 0 and variance .

The observations can be written on matrix form:

or

We find

XTX =

Yl 1 T
Y, 1 @
Y3 1 a3 o
}/;1 - 1 Ty 5 +
Y5 1 s
Ys 1 g
Y7 ] | 1 T i
Y =x0+¢

7 21.5 T~

[ 21.5 T72.75 } XY=

Le. from Theorem 3.1 (3.35) we get

o= [ a } = (x"x) XY = [
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16
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An unbiased estimate of o2 is from Theorem 3.4 (3.44)

\ (Y —x0)T(Y — x)
n—p

= [(—0.228)% + (—0.728)% + (0.203)* 4 (0.772)* + (—0.006)? +
(0.064)* + (—0.076)%] /(7 — 2)

= (0.496)

where n is the number of observations and p is the number of parameters.
Question 2.

=5.21

T =xgi=[1 05| 70 | s

—1.139

The prediction error is eg = Yy — 178‘7. An estimate of the prediction error
variance is according to Theorem 3.10 (3.60)

~

Vies] = 621 +xg(x'x) 'xg]

L 0.4962 {H[l 0'5}[ 1.5479 —0.4574} {1 ”

—0.4574  0.1489 0.5

= 0.724°

which leads to the following 90% confidence interval for Y3

D=

Yapr = toos(n — p) - Vies)? = [3.75,6.67]

Question 3.

A plot of Y; versus t reveals that a (global) linear trend would be a reason-
able description of the variations in Y; (a larger data set could give rise to
considering local linear trend models). This solutions follows that approach
a OLS approach is also possible - if so then focus on the the results



I.e. the model is
Yn+j = fT(])e + €n+j

where f(j) = [1 j]" and 8 = [0y 0,]7. {e:} is again assumed to be a sequence
of mutually uncorrelated normal distributed random variables with mean
value 0 and variance o2

F, — x;X7=§:f(—j)fT(—j>:{_QI _3”

. 16
h; = X;—Y = E :f(_J>Yn—j = [ _32.5:|
Le. from (3.89)

5 _ _ 0.46429 0.10714 16 3.947
97:(X;—X7) 1X;|—Y:F71h7:|: :| |: :|:|: :|

0.10724 0.03571 —32.5 0.554
An unbiased estimate of o2 is given by (3.44)

o T — T
7—2

= [(0.053)% + (—0.393)% + (0.661)% + (—0.285)2 + (0.269)* +
(—0.677)* + (0.377)%] /5

= (0.5193)?

And the variance of the prediction error is obtained from (3.91)

~

Vies] = 61+ £ (D)F;'£(1)]

0.46429 0.10714 } [ 1 H
1

i 2
= 0.5193 {H[l L] {0.10714 0.03571

= (.6802

According to (3.92) the 90% confidence interval is
Vs & to0s(7 — 2) - Vies|? = [3.131,5.871]



Solution 3.2

Question 1.

The unweighted least square estimator (3*) is given by
g = (XTX) X"y .
The expected value of the estimator is
E[3*] =E[(X"X)"'X"Y]

=B[(XTX)'XT(XB + ¢€)]
=8+ (XTX) 'XTE[(] = 8

I.e. the estimate is unbiased.
The variance of the estimator can be calculated as

V3] =E[(5* — E[B])(5" — E[5])]

where,
B —E[f =5 - = (X"X)'XTY —
=(XTX)'XT(XB+e) — B =(XTX)'XTe
i.e
VB =(XTX) ' X V] X (XTX)!
;_212 01 [x
ST e Xl o || | (T
0 ;—;V XN
:(72N(XTX)72 = No* 5
(2, x?)
Question 2.



The weighted least square estimator B is given by
f= (X" X)1XTe Yy
We have

(XTI X)IXTS " Y XB4e) -
(XTo X)) xTy e

B-p

N

As E[5] = (8 the expression for the variance becomes

VA =(XTS X)X TS VST X (TS X))

0.2

(XTI X)) = ———
> X

Question 3.

2
N 2
(SLX2) xox e X234+ XIXE 4 4 XA

N N
XX+ X2X3 4 2XIXZ 42X + .
B N
SXEXT 4+ XOXT + XPXT + XoXT 4+ XPXT+ XgX5 +
- N

(as (X7 + X7)? > 0 & X!+ X} > 2X7X?). The numerator of the above
fraction contains N terms with X7. Le. the fraction is equal to 3% | X/ and

V(5] > V3]

Question 4.



The variance of € is now set to

(1 p 0 0 0]
p 1 p 00
Ve = o*% = o? ! p ! O !
000 -~ 1p
000 - p 1]

The unweighted least square estimator
B = (XTX)'XTy |
is still unbiased, as
E[f7] =8+ (X"X)'X"E[] = 5
The variance of the estimator is
VB =(XTX) " X TV X (XTX)™!
o (S0 X7+ 20 X0 XX

- 10)




Solution 3.3

Question 1.:

The observations Y7, Y5, -+, Yy can be described by the model

Yi 1 cosw sin w €1
Y 1 cos2w sin2w H €9
= | . ) ) o | +
. . . ) . 6
YN 1 cosNw sin Nw EN
Or
Y =x0+¢

The stochastic vector € has E[e] = 0 and V[e] = 021 (I is the identity matrix).

The least square estimate of @ = [u a 3] is calculated as the solution to the

normal equation (Theorem 3.1)

0= (x'x)"'x"Y,



where

1 cosw sin w

1 1 SR 1 cos2w sin2w
x'x = cosw cos2w -+ cos Nw
sinw sin2w --- sin Nw Co "
B 1 cosNw sin Nw
[ N SV cos tw; SV sintw
= | N costw SN cos?tw SO cos tw sin tw
| Y sintw Y costwsintw YO sin? tw
and
- Y,
1 1 o1 Y,
x'Y = cosw cos2w --- cosNw
sinw sin2w --- sin Nw :
L Yy
- N
S
= >y (costw)Yy
L Zi\il (sintw)Y;
Question 2.:

The fundamental frequency (where a period in oscillations covers exactly all
observations) is w; = 27/N. We set the frequency to be equal a multiplum
of the fundamental frequency, i.e. w = w; =27i/N (i € Z).

Applying the hints and the fact that
al al 2
cos(tw;) = cos | —t | =0 and
D omtte) =3 oo ()

al al o
sin(tw;) = sin| —t) =0
) =3 (55



the following is obtained.

and

Te.

Question 3.:

D>
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> i1 Ve
x'Y = Zi\il(cos tw;)Y;

Zi\il(sin tw;)Y;

N
]lV 25\?1 K
2 25\?1 Y; cos(w;t)
x Do Yesin(wit)
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Solution 3.4

Question 1.

In figure 1 the velocity is plotted as a function of observations. By inspecting
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Figure 1: Left: Plot of wind velocity vs. observations. Right: Plot of log
wind velocity vs. observations.

the graph it is assumed that logY; depends linear on t in each area (due to
the few observations it is impossible to determine if the dependency is more
linear in the logarithmic case). Furthermore the slope is believed to be the
same in the two areas. It is obvious that having measurement from a longer
period of time the model will not could be described by a linear model, but
for the restricted area, which is considered, it is reasonable to use a linear
model with constant parameters.

The mixed model will be suitable for describing the variations in the observed
wind speed
10gY}/ = (91 + (92t + Ggpt + €&

where
{ 0 for t<4
Pt =

1 for t>5

It is assumed that V[e] = o2 (i.e. constant).
Question 2.
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Using the model from question 2 the observations can be written as

ClogVi ] [1 1 07 (e ]
. . . 91
logVy | |1 40 0 N €4
logYs | |1 51 2 €5
. . . 03
| log Y5 | | 1 8 1 ] =
or
Y"=x0+¢
We find
8 36 4 11.4429
x'x=]36 204 26 | ,x"Y*= | 53.4840
4 26 4 6.6273

which by equation (3.35) leads to

) [ 0.875 —0.25 0.75 11.4429 1.6121
f=(x"x)"'x"Y*=| -025 01 —04 53.4840 | = | —0.1633

075 —-04 21 6.6273 1.1060

By using (3.44) we get the unbiased estimate of o2

6,2 —_ Zf:l(log}/t _ X;ré)Q

= 0.0964>
8 —3

The difference in wind speed at the two measurement locations is determined
by #3. Let Yti and Y;f be the wind speed at the old and new measurement
locations, respectively.

log V;' —log ¥;" = 0
or )

Y. .
L = exp(f3) = 3.02

}/;L —

(\V]

The estimated model indicates that the wind speed at the top of the building
is approx. 3 times higher than the wind speed at the normal measurement
location (2 m. above ground level).

We were able to calculate the relative difference in wind speed, as the model

12



were made for logY in stead of Y. The relative value often gives more
information than the absolute value. The same calculations as above with a
model for Y would result in an absolute difference in wind speed on 4.870.

Question 3.

The predicted wind speed in one hour (t = 9) at the old measurement location
is given as

A ) 0.700
logYy = x'6=[1 9 0]| —0.0709 | =0.0619 =
0.480

~

Yo = 1.15m/s

13



Solution 3.5

Question 1.

The model with local constant mean:

Yot =00+ enyy (forgetting factor: 0 < A < 1)

Le. f7(j) = 1. The prediction of Yy, given the observations Y, Y5, ...

is given by (3.101)
YN—%—KlN = fT(g)éN = éN )
where Oy can be estimated by (3.99)
On = Fy'hy .

From equation (1.100) it follows that

N-1 N-1 1\
Fn=) Nf(=)f' (=)= N= T\
j=0 j=0
N-1 N-1
hy =Y Nf(=i)Yn_j= > NYy_
j=0 j=0
Le.
A A 1y Ml
Yveay = 100y = 5 D NVn;
j=
Question 2.

Using L’Hospital’s rule we obtain the following

1—A 1
1—)\N_>Nfor/\_>1’

and the prediction equation for A — 1 becomes

L Nl
Ynpgn — N Z Yy, =Y

J=0

14
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which is identical to (3.64).
Question 3.

The steady state value of F is according to (3.105)

From theorem 3.14 we get the updating of the parameters in the locally
constant trend model at steady state

~

Onir =0, + (1)) [YNH - YN—H\N}
Since éN = YN+1| ~ the updating of the on-step prediction is

Yarone1 = Ysun + (1= A) [YNH - ?NH\N}
=1 =AYy + )\yN+1|N

which is identical to (3.74).
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Solution 3.6

Question 1.

We consider a linear trend model of the form
YN+j = fT(j)e + EN+j; = XNG +e€

where f(j) = [1 j]7, 0 = [0y 61]" and x = (fT(=N + 1),..£7(=1),£f7(0)).
V[e] = 0? where ¥ = diag[1/AV "1 ... .1/A,1] will be used as weights and ) is
known to be A = 0.9. Using (3.100)
6
: 0.22 —13.47
o Ty -1 _ Je(_N\f1(_~ —
Fro= x 2% = Z;A E=E (=) { —13.47  55.09 ]
=

6 13.13
hy = x]27'Y =) Nf(—j)Y, ;= [ 92,66 }
7=0
From (3.99)
5 oot [ 3.949
07 = F7 hy = [ 0.554 |’

and the prediction of Yg giving the 7 previous observations is

W

.50

w

YVar = £ (1) =[1 1] { 3.949 }

0.554

A not too biased estimate of o2 is given by

S AT — £7(1)6;)?
T —p ’

.2 =

where T' = Z;:1 A" and p = 2. Which leads to:

7% = (0.543)?




The variance of the prediction error is obtained from (3.102)

Vied = 6°[1 + £T()F7'£(1)]

— (0.543)2 {H [1 1] { 8?;2 8(1)421;] { 1 H

= (.7332

According to (3.92) the 90% confidence interval is

N|=

Y8|7 + t0.05<T - 2) : ‘7[67] = [2823, 6182]

Question 2.

We now assume that yg = 5.0 is given. Using theorem 3.103 we get

- rer ety o [ 569 —16.82
Fy = Fr + N0 (=7) = { ~16.82  78.52 ]
N [ 1682
hs = AL""hy + £(0) Y = { ol } ,

where L = H (1)} The updated parameter estimate is
A o1y | 4741
bs = Fy hs = { 0.605 |

and the predicted value of Yy given yg is
Yois = £7(1)fs = 5.346.

o2 is estimated as in Question 1. (62 = 0.5162). The variance of the predic-
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tion error is

Vies) = 6°[1 + £T()F5'£(1)]

- , 0.478 0.102 ][ 1
=0.516 [H [1 1] { 0.102 0.035 } { 1 H

= 0.676°

Thus the 90% confidence interval is

N

Yois £ to.05(T — 2) - Vies]2 = [3.870,6.821]
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