TIME SERIES ANALYSIS
Solutions to problems in Chapter 7




Solution 7.1

Question 1.

kX, = (1+ B+ B?+..B"Y¢

0(B)=(1+ B+..+B*") and
BO(B) = (B + B*+ ...+ B¥)
we get by subtraction
(1-B)§(B)=(1-B") =
1— B*
0(B) = B
Thus, the spectral density for {X;} can written as
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Question 2.

An expression for the window specified in frequency domain is found as the
fourier transform of the window in the time domain, i.e.
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Solution 7.2

Question 1.
wk
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1—2a—2a>0=
0 <02
Question 2.

Using the general Tukey window the following spectral estimate is obtained
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Question 3.



Vf(w) 2

o) €x(v) =
vf(w)

Var _ @) ] v =
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Var _m] = y

The degrees of freedom are

1/:2N/<Z )\2) ,

-—M
where
M M BN 2
Z A2 = Z <1 — 2a — 2a cos (—))
k=—M k=—M M
M 7k 7k
= k;M <(1 — 2a)* + 4a® cos® <M) + (1 — 2a)4a cos <M))
M 2k
=(1—-2a)’CM +1)+4a*>[1+2) 05 <cos<—) +1)
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+ (1 - 2a)4a (—1 + 2ij:cos (%))

= (1 —2a)*(2M + 1) + 4a*(1 + M) + (1 — 2a)da(—1)
= (24 12a* — 8a)M + (1 + 16a° — 8a)

Thus the variance relation is
f (W) - 2
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For the Tukey-Hanning window with a = 0.25 the variance relation becomes
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which is in accordance with Table 7.2 on page 199.
Question 4.

For a Parzen window the variance relation is

fw)|  0.5391M
==

I.e. the variance relation is unchanged for

0.5391M,  3My

N AN
Mp = 1.39M7p = 1.39 - 40 = 56




Solution 7.3

The spectral window is found as the Fourier transforme of the lag-window
(the window in the time domain), i.e.
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Solution 7.4

A 100(1-a)% konfidence interval for f(w) is given by

[ vfw)  vflw) ]
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Taking the logarithm we get

{Xz”&mg(ﬂw», ()

(V)l—oc/2 X (V)oc/2 - log(f(w)):|

which means that for a logarithmic scale the width of the confidence interval
is independent of w.
For a Parzen window with N=400 and M=48 the degrees of freedom becomes

400
~3.71— =~ 31
v~3.7 18 3

Since the given figure for the spectrum is shown in decades it is suitable to
use the confidence interval in logarithm to the base 10.

31 31
1 = ~ —0.13
o810 (;@(31)0,9) 114

31 31
1 = ~ 0.16
810 ( X2(31)0.1) 214

On the figure the ordinate values are

1 —logy(1) =0

This distance is about the value we estimated for the confidence interval
(0.1640.13=0.29), and we can therefore draw in an approximate confidence
interval for the smoothed spectrum. We find that the theoretical spectrum
is not everywhere inside a 80% confidence interval.



Solution 7.5

Question 1.

Cross-covariance function

712(7') = COV[Xm X2t+7’] = COV[Elta 61€1t+7 + ﬁ2€1t+r—1 + €2t]
Broi =0
=< Bo? T7=1
0 otherwise

Question 2.

Cross-spectrum:

fra(w Z Yia(T)e ™7
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Co-spectrum:
2

cr2(w) = g—; (B1 + B2 cosw)

Quadrature spectrum:
2

—L (Bysinw)

Q12(w) = o

Cross-amplitude spectrum:

o’
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= 2—1 (8} + 33 + 28182 cos w)
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Phase spectrum:

¢12(w) = arctan ( —asinw )

01 + 2 cosw
Question 3.



For /62/61 =1 /62 = /61 holds

2 2 1 2
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For /62/61 =-1< /62 = —ﬁl holds
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The cross-amplitude and the phase spectrum is shown in Figure 1. The cross-
amplitude spectrum shows that the covariance between the two processes
are dominated by low frequencies if f5/4; = 1 and by high frequencies if
B2/P1 = —1. In generel if the cross-correlation is of same sign the covariances
will be dominated by low frequencies.

The Phase spectrum shows that for 5,/3; = 1 the variation in Xy follows
the variation in Xi4, while the opposite case occurs when (Gy/5; = —1.
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Figure 1:

Left: Phase

spectrum
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. Right: Cross-amplitude spectrum.



